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Abstract

Entanglement-assisted quantum error-correcting codes (EAQECCs) provide a general
framework for quantum code construction, which overcome certain self-orthogonal
restriction. It becomes one main task in quantum error-correction to find EAQECCs
with good parameters, especially entanglement-assisted quantum maximum distance
separable (EAQMDS) codes. In this work, we construct four new families of EAQECC
codes with flexible parameters in view of negacyclic codes. It is worth pointing out
that those EAQECCs are EAQMDS codes when d < (n + 2)/2. By exploring the
selection of defining sets, the constructed EAQECCsSs possess larger minimum distance
in contrast with the known results in the literatures.
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1 Introduction

In the past two decades, quantum error correcting codes have experienced great
progress due to the conquer of decoherence and quantum noise. Based on the sem-
inal work [1,2], Brun et al. in EAQECCs [3], a systematic mathematical method
of constructing EAQECCs was proposed by using any classical linear code via an
entangled-pairs share beforehand [1,2]. Besides, the bound concerning the parameters
of EAQECC:s has been investigated in the meanwhile [4,5].

EAQECC:s contribute to making arbitrary linear codes quantized, there are abundant
results in the recent years [6—8]. From the known results available in the literatures,
one can see that good candidates to construct EAQECCs are constacyclic codes and
generalized Reed-Solomon codes. However, an open problem is to determine the
number of sharing entangled states. This problem was solved by Lu et al. who intro-
duced the concept of the decomposition of defining sets [9]. Using a similar idea,
researchers constructed many EAQMDS codes from constacyclic codes and other
linear codes [10-13].

Recently, it is worth noting that a entirely new attempt on EAQMDS codes is to
seek flexible parameters. In [14], Qian and Zhang obtained EAQMDS codes of length
n = g + 1 and almost EAQMDS codes of length n = ¢* — 1. Wang et al. derived
EAQECCs of length n = g2 + 1 by virtue of constacyclic codes [15]. Afterwards,
abundant results of lengths n = g% + 1, n = (¢ + 1)/2 and so on by constacyclic
MDS codes were obtained [16,17]. These codes all have unfixed parameters and good
Pauli error-correcting capacity.

Inspired by their works, we focus on constructing EAQMDS codes with variable
dimension and big minimum distance. Assume that ¢ is an odd prime power with
g = 2 mod 5. Let n = (g% + 1)/5. Based on the analysis of the defining set, we
obtain four classes of EAQECCs codes of length n as follows, especially, they are
EAQMDS codes when d < (n + 2)/2:

(1) [[n,n—2d+|D}|+2,d; D}y, where m is even integer, g = 100 +3(6 > 1),
d=2(mq+30+1),|D}|=4mSm+3)+land 1 <m <.

(2) [[n,n—2d +|D?}|+2,d; |D}|1],, where m is odd integer, ¢ = 100 +3(6 > 1),
d=2(mq+30+1),|D} =4m(5m+3)and 1 <m < 6.

3) [[n,n—2d+|D13|+2, d; |D13|]]q, where m is even integer, g = 100 +7(60 > 1),
d =2(mq+70+5),|D}| = 4m(Sm +7)+9and 1 <m < 6.

@ [[n,n—2d+ ID‘I‘I +2,d; |Df|]]q, where m is odd integer, ¢ = 100 +7(0 > 1),
d=2(mq+70+5),|D}| =4m(Sm+7)+8and 1 <m <.

This material is organized in the following way. Section 2 gives some notations
about negacyclic codes and EAQECCs. In Sect. 3, new EAQECCs and EAQMDS
codes of length n = (g% 4 1)/5 with variable parameters are obtained by utilizing
negacyclic codes. The conclusion is summarized in Sect. 4.
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2 Preliminaries

Let 2 denote a finite field containing g? elements, where ¢ is a prime power. A
k-dimensional subspace C of Fzz having minimum Hamming distance d is called an
[n, k, d] linear code over IF 2. For any element a € F 2, denote the conjugate of a
by a = a?. For any u = (ug, uy, ..., u,—1) and v= (vg, vy, ..., Up—1) € IFZz, their
Hermitian inner product is given by

n—1
u,v)g = Zu,ﬂi = uovg + uiv + -+ up_1v_| € F .
i=0

Vectors u and v are called orthogonal if (u, v) gz = 0. Define the Hermitian dual code
of C as

CtH:=fue Foy | (. v)y = Oforall v e C).

If C € Ct#, then C is called Hermitian self-orthogonal. Particularly, it is called
Hermitian self-dual if C = C1#.
Now we recall some basics of negacyclic codes. If C C IFZZ has the property that

(—¢n_1,¢05...,cn_2) €C, forall (co,c1,...,ch_1) €C,

then C is called a negacyclic code. Usually, an element ¢ = (¢, c1, ..., cy—1) € Cis
identified with its polynomial representation

n—1
c(x) := Zcixi =cotcix+...+cepx" e ]qu[x]/(x" +1).
i=0

It is well known that a linear code is a negacyclic code iff the set of polynomial repre-
sentation of its codewords is an ideal of the quotient ring F2[x]/(x" + 1). Actually,
every ideal C of F2[x]/(x" + 1) is a principal ideal. Therefore, C = (g(x)), where
g(x) is a unique monic divisor of x” + 1 and has the smallest degree in C.
Throughout this paper we let gcd(n, g) = 1. Then x” + 1 has no repeated root over
F,2. Forany 0 <i <n — 1. The g%-cyclotomic coset modulo 21 containing i is

C; ;:[iqzm mod2n:0§m§mi—1]v

where m; is the least positive integer satisfying ig®” =i mod 2n.Let ¢ be aprimitive
2n-th root of unity in some extension field of F .. Put § = ¢2, then £ is a primitive
n-th root of unity. Hence,

et =TT (- ee) =TT (s ).
i=0 i=0
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Denote Q2 = {1 +2i | 0 <i < n — 1}. Let C be a negacyclic code of length n with
generator polynomial g(x). Then D = {i € Q : g(¢') = 0} is referred to as the
defining set of C and each C; associates with an irreducible divisor of x”* + 1 over
F,2. Clearly, the defining set D of C is a union of some g°-cyclotomic cosets modulo
2n. Moreover, dim(C) = n — r, where r = |D|, i.e., the cardinality of the set D.
Concerning about the bound of negacyclic codes, there are the following two famous
results.

Theorem 2.1 [18] Assume that gcd(n, q) = 1. Let ¢ be a primitive 2n-th root of unity.
Let C be a negacyclic code of length n over F 2, and its generator polynomial g(x)
have roots §1+2i forb <i < b+ 68— 2, where b is some integer. Then the minimum
distance of C is at least 8.

Theorem 2.2 [19] Assume C is an [n, k, d] linear code, then
n—k>d-—1.

If the equality n — k = d — 1 holds, then C is called an maximum distance separable
(MDS) code.

Next, we will recall some basics about EAQECCs including the notation, bound
and construction. More details please refer to [4—12,14-17].

Usually, with the help of ¢ pairs of maximally entangled states, an [[n, k, d; c]],
entanglement-assisted quantum error-correcting code (EAQECC) can encode k& infor-
mation qudits into n channel qudits and correct up to | (d — 1)/2] errors, where d is
the minimum distance of the code. Several methods have been proposed to construct
EAQECCs. And the most frequently used technique is cut apart the defining set of the
codes. Based on the works before, we can employ the following mathematical scheme
to construct EAQECC:s.

Theorem 2.3 [20] Let C be a negacyclic code over F,2 of length n having defining set
D . Suppose that D1 = D ((—gqD) and D, = D\D, where —qD = {2n —qx | x €
D}. If C has minimum Hamming distance d, then there exists an [[n,n — 2|D| +

|D1l, d; |D1]]ly EAQECC.

As in classical quantum codes, there is following the celebrated entanglement-
assisted quantum Singleton bound.

Theorem 2.4 [2,3,5] Assume that C is an [[n, k, d; clly entanglement-assisted quan-
tum code. If d < (n +2)/2, then

n+c—k>2d-1).

If C attains the bound n +c — k = 2(d — 1) ford < (n + 2)/2, then it is called an
EAQMDS code.
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3 New EAQECCs and EAQMDS codes

In this section, we are going to utilize ¢2-ary negacyclic codes of length n to construct
four families of new EAQECCs and EAQMDS codes with flexible parameters. For
convenience to give our discussion in the sequel, it is necessary to give the following
notation.

Notation 1 Letn = (g% +1)/5, where ¢ = £2 mod 5. According to Theorem 2.4, we
always assume d < (n + 2)/2 when constructing EAQMDS codes with parameters
[[n, k, d; c]]y. In order to ensure that g is a power of a prime, we only consider the
casesof g = 100 +30org =100 +7 (0 > 1).

Similarly as in Lemma 4.1 from [21], we can get the following useful lemma.

Lemma 3.1 Let g = £2 mod 5 be an odd prime power. Let n = (q2 + 1)/5. Puts =
n/2. Then the q*-cyclotomic cosets modulo 2n from the odd integers {1, 3, ..., 2n—1}
are given by Cy = {s}, C3s = {3s}, and Cs40; = {s +2i,5s = 2i}, 1 <i <s— 1.

Proof Since g has the form ¢ = 100 + 3 or ¢ = 106 + 7, then 4 | ¢> — 1. Therefore,
we have

q*—1

sq2=s(q2—l)+s=2n~ + s = s mod 2n

Itfollows that Cy = {s}. Similarly, we can obtain C3; = {3s}. Foreachi,1 <i <s—1,
we have

(s — 2i)q* = sq° — 2i(q*> 4+ 1) + 2i = 5 + 2i mod 2n.

Besides, (s + 2i)q2 = s — 2i mod 2n. This means that Csy2; = {s + 2i, s — 2i}.
We can use the same method in [21] to prove that each of the ¢-cyclotomic coset is
different, where 1 < i < s — 1. Therefore, we omit it here for simplification. O

Casel ¢ =100+3

Base on the result of Lemma 3.1, we first give the following lemma which is very
useful for our construction, where Cy {244 +v) is an alternative expression of the qz-
cyclotomic cosets modulo 27 for the elements in €2 as follows:

Lemma 3.2 Assume that ¢ = 100 + 3 (0 > 1) is an odd prime power. Let n =
(q%>+1)/5. Puts = n/2.

(1) When 0 is even, then

—qCs120ug+v) = Cs2(0g—u)»

wherel <v <30and40+2<v<60+1,if0<u<6—1,0orl <v <30,
ifu=20.
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(2) When 0 is odd, then

—-q CS+2(uq+v) = C33+2(vq7u) ,

where 1 < v <30, 40 +2 <v <50+ 1and70+3 <v <80 +2 if
O0<u<6-1orl <v<30,ifu=86.

Proof (1) When 6 is an even integer, then we have

Cs12ugtv) = {5 +2(ug +v), s —2(ug +v)}

IA

forl <v<30and40+2<v<60+1,if0<u<6-—1,0orl <v <30,if

u = 6. Since B

—qs—|—2uq2+2vq
=—(@+1-1)-s+2u-(*+1-1)+2vg
= s+ 2(vg — u) mod 2n.

—q - (s = 2(ugq +v))

This gives that —gCs12(ug+v) = Cs2(vg—u)-
(2) Similarly, when 6 is an odd integer, then we have

Cs+2(uq+v) ={s +2uqg +v),s —2(uqg +v)}

forl <v<30,404+2 <v<509+1and760+3 <v <89+2,if0 <u <6-1,
orl <v<30,ifu=20.Since

—q - (s — 2(ug +v)) = —gs + 2ug® + 2vq
=—(@+1=1)-s+2u-(¢*+1-1)+2vg
qg—1
2
=35 + 2(vq — u) mod 2n,

n+ 3s 4+ 2(vg — u) mod 2n

it follows that —qu+2(uq+u) = C3s+2(vq—u)-
O

The following lemma provides a preparation for determining the number of entan-
gled states c.

Lemma 3.3 Assume that ¢ = 100 + 3 (0 > 1) is an odd prime power. Let n =
(g% 4+ 1)/5. Put s = n/2. For a positive integer 1 < m < 6, we have

(1) When 0 is even, let o; = s + 2(ujqg +v;), pr={m+1<v; <20 —m, 0 <
uy <mj}, ppo={m+20+1<vy <30, 0<up <m}, f3=30+1=<v3 <
40 —m, 0 <uzs <m—1}, Ba={m+40+2 <vy <60+1—m, 0 <
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uy < m—1}, Bs

m+60+3 <vs <8 +2—-—m, 0<u <m-—1}

Be={m+80+3<v6=<100+2—m,0<ug<m-—1}.

6
71 = |JJCu

i=1 B

Then Ty (\—qT1 = 0.

(2) When 0 is odd, leta; = s +2(uiqg+v;), i ={1 <vi <0 —m, 0<u; <m)},
Bo={0+14+m<vy<30—m, 0<u, <m}, B3=30+2+m<v3 <
S0+1—m, 0<uzs<m—1}L, B ={504+2+m <v4 <70+1—m, 0<

ug < m—1}, Bs

{716 +34+m <vs <99 +2—m, 0 <us <m—1},

Be={90 +44+m<vs<q, 0<us<m—1}.

6
T =G (JUJCar.

i=1 B

Then Ty (\—qT1 = 0.

Proof (1) For a positive integer m with 1 < m < 6(60 > 1), o; and B; are defined as

above. Let
6
no= UUC
i=l B
= U Cs+20u1g+v) U Cs+2ag+v2)
m+1<v; <20—m, m+20+1<v,<30,
0<ui<m 0<up<m
U Cs12(uzg+v3) U Cs+2(uag+va)
30+1<v3<46—m, m+4642<v4<60+1—m,
0<uz<m-—1 0<ug<m—1
U Cs+2(u5q+v5) U CS+2(M6¢I+U6)'
m+60+3<v5<86+2—m, m—+80+3<ve<100+2—m,
O<us<m—1 O<ug=<m—1

Then by Lemma 3.2, we have

—qT

= U Cs+2(v1q—u1)) U Cs+2(vzq+u2)
m+1<v; <20—m, m+20+1<v,<36,
0<ui<m 0<uz<m
U CS+2(vzq+u3) U Cs+2(v4q+u4)
30+1=<v3=<40—m, m+40+2<v4<60+1—m,
0<uz<m—1 O<ug=m-—1
U Cs+2(v5q+u5) U Cs+2(v(,q+u6)~
m+60+3<vs<86+2—m, m+80+3<v6<100+42—m,
0<us<m-—1 0<ug<m-—1
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Whenm + 1 <v; <20 —m, 0 <u; <m, it follows that

s+2wm1g +vy) <s+2(mqg+20—m), s+2[(m+1)g —m] <s+2wiqg —uy).
Whenm + 20 +1 < vy <36, 0 <uy < m, it follows that

s +2(uzq +v2) <5 +2(mq +30), s +2[20 + 1 +m)qg —m] <5+ 2(v2qg — uz).
When 30 + 1 <wv3 <40 —m, 0 < uz <m — 1, it follows that

s +2(uzqg+v3) <s+2[(m—1Dg+40 —m], s +2[30 + g —m+1]
<5 +2(v3g —u3).

When40 +2+m <vy4 <660 +1—m, 0 <uyg <m — 1, it follows that

S+ 2(uag +v4) <s+2[(m—1)g+60+1—m], s
+2[(40 +2 +m)qg —m + 1] < s + 2(vaq — ua).

When 60 +3+m <v5 <89 +2—m, 0 <us <m — 1, it follows that

s+ 2usqg+vs) <s+2[(m—1)g+8 +2—m], s
+2[(60 + 3 +m)g —m + 1] < s + 2(vsq — us).

When 80 +3+m <vg <100 +2 —m, 0 < ug < m — 1, it follows that

s+ 2ueq +ve) <s+2[(m—1)g+ 100 +2 —m], s
+2[(80 +3+m)qg —m + 1] < s+ 2(veq — ug).

It is easy to check that

s+2(uig +v1) <s+2(wig —up), s +2(u1q +v1) <s+ 2(v2q — uz),
S+ 2(u1g +v1) <s+2(w3qg —uz),s +2uiq +vi) <+ 2(vag — ua),
s+ 2(u1g +v1) <5+ 2(vsq —us), s +2(u1g +v1) < s+ 2(veq — ue),
s+ 2(u2q +v2) <s+2(w1g —u1), s +2(uzq + v2) <5+ 2(v2q — u2),
s+ 2(u2g +v2) <5+ 2(v3g —u3), s +2(u2g + v2) <5+ 2(vag — ua),
s+ 2(u2g +v2) <5+ 2(vsq — us), s + 2(u2q + v2) < s+ 2(veq — ue),

s+ 2(ueq +ve) < s +2(v1g —u1), s +2(ueq + ve) < s + 2(v2g — uz),
s+ 2(ueq +v6) < s+ 2(v3qg — u3), s + 2(usq + ve) < s + 2(vaq — u4),
s+ 2(ueq +ve) < 5+ 2(vsq —us), s + 2(ueq + ve) < s + 2(veq — Ug).
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For the range of u; and v;, note that s +2(u;q +v;) < (3q2 —-17/10,i=1,...,6.
Moreover, the subscripts of Cs42(;4+v;) 18 the least number in the set. Then,

T1 ﬂ—qu =0.

This gives the result.
(2) The proof is similar to the case (1), so we omit it here for simplification. O

Example3.4 Letqg = 23and 1 < m < 6 = 2. Thenn = (g% + 1)/5 = 106,
s =n/2 =53 and m = 1, 2 respectively.

(1) Letm = 1. By Lemma 3.3, we can get

T = U Cs+2(uq+v) U Cs+2(uq+v) U Cx+2(uq+v)

2<v<3, v=0, v=7,
0<u<l O0<u<l u=0
U Cs+2(uq+v) U Cs—i—Z(uq—Q—v)-
11<v<l12, 20<v<21,
u=0 u=0

It can be verified easily that 71 () —¢ T} = 0.
(2) Letm = 2.ByLemma3.3, wecanget 71 = {J.Itiseasytocheckthat7) (| —gT) =

9.

Example3.5 letq = 53 and 1 <m < 6 = 5. Thenn = (q2 + 1)/5 = 562,
s=n/2=281andm =1, 2, 3, 4, 5 respectively.

(1) Letm = 1. By Lemma 3.3, we can get

T = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

1<v<4, T<v<l4, 18<v=<25,
O0<u<l O<u<l u=0

U Cx+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)‘
28<v<35, 39<v<46, 50<v<53,

u=0 u=0 u=0

It can be verified easily that 7 [ —¢ T} = 0.
(2) Letm = 2. By Lemma 3.3, we can get

I = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

1<v<3, 8<v<l13, 19<v<24,

0<u<2 0<u<2 O<u<l
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)-
29<v<34, 40<v=<45, 51<v<53,
0<u<l 0<u<l 0<u<l1

It can be verified easily that 71 [ —¢T1 = 0.
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(3) Letm = 3. By Lemma 3.3, we can get

Tl = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

1<v=<2, 9<v<12, 20<v<23,
0<u<3 0<u<3 0<u<2
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)~
30<v<33, 41<v<44, 52<v<53,
0<u<2 O<u<2 0<u<2

It can be verified easily that 71 [ —¢T1 = 0.
(4) Letm = 4. By Lemma 3.3, we can get

Tl = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

v=l1, 10<v<ll, 21<v<22,
O0<u<4 O<u<4 0<u<3
U Cs+2(uq+v) U Cs+2(uq+v) U C‘v+2(uq+v)-
31<v<32, 42<v<43, v=>53,
0<u<3 0<u<3 O<u<3

It can be verified easily that 7 (| —¢ T} = 0.
(5) Let m = 5. By Lemma 3.3, we can get 71 = (. It can be verified easily that

T ﬂ —qT) = 0.

Theorem 3.6 Assume that g = 100 + 3 (6 > 1) is an odd prime power. Let n =
(q> + 1)/5. Put s = n/2. Let C be a negacyclic code with defining set D given as
follows D = Cs |JCs42 U ... U Cs420nq+36), where 1 <m < 6.

(1) When 0 is even, then
|D}| = 4m(5m +3) + 1.
(2) When 0 is odd, then
|D?| = 4m(5m + 3).
Proof (1) Note that 77 is defined in Lemma 3.3 and let o; = s + 2(u;q + v;), | =
0<vi<m O<uy=m}),By=20+1—-—m<vy <20+m, 0 <up <m},
By={40+1—-m<v3<404+14m, 0<u3 <m—1}, 8, ={60 +2—m < v4 <

60+24+m, 0 <uy < m—l},,Bg ={80+4+3—m <v5 <80+24+m, 0 <us <m—1},
Be =1{100 +3 —m < vs < g, 0 < ug < m — 1}. Therefore,

7 =JCu
B;

= U Cs+2(u1g+v1) U Cs120urq+v2)
0<vi<m, 20+1—m<vp,<20+m,
0<ui;<m 0<ur<m
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U Cs2(u3g+v3) U Cs+2(usg+vs)
40+1—-m<v3<40+1+m, 60+2—m<v4<60+2+m,
O0<uz<m-—1 0<ug<m—1
U Cs+2(u5q+v5) U Cs+2(u6q+v6)-
80+3—m=<v5<89+2+m, 100+3—m<ve<q,
0<us<m-—1 0<ug<m—1

From Lemma 3.2, we have

/
—qT) = U Cs+20019-uy) U Cs+2(02g-u2)
0<vi<m, 20+1—m=<vy<20+m,
0<ui1<m 0<ur<m
U CS+2(U3(]—M3) U Cs+2(v4q—u4)
40+1-m=<v3=<40+1+m, 6042 —m<v4<60+2+m,
0<uz<m-—1 0<ug<m-—1
U Cs+2(v5q—u5) U Cs+2(v6q—u(,)-
80+3—m=<vs<80+2+m, 100+3—m<ve=<q,
0<us<m-—1 O0<ug<m—1

It is easy to check that —gT| = T. From the definitions of D, T and T}, we have
D = Ty {JT/. Then from the definition of T,

D} =D(\(=¢D)= TN |JT) (=i | J—aT)
=@ (—¢m Jm (—amH i () —amo Ui () —aT)

=T.

Therefore, |D}| = |T{| = 4m(5m + 3) + 1.
(2) The proof is omitted since it is similar as in Case (1). O

Theorem 3.7 Assume that g = 100 + 3 (6 > 1) is an odd prime power. Let n =
(g*>+1)/5. Puts = n/2.

(1) When 0 is even, there are [[n,n — 2d + |D{| +2,d; |D} 1l EAQECCs, where
d =2(mg +30 4+ 1)and 1 < m < 0. Besides, they are EAQMDS codes if
d<mn+2))/2.

(2) When 6 is an odd integer, there are [[n, n —2d +|D?| +2, d; | D? |11, EAQECCs,
where d = 2(mq 4+ 360 + 1) and 1 < m < 6. Besides, they are EAQMDS codes
ifd < (n+2)/2.

Proof (1) For any fixed integer m with 1 < m < 6, assume that C is a negacyclic code
of length n = (¢ + 1)/5 having defining set

D = C; U Csio U U Cs12(mq+30)-

Then C has dimension n — 2(mq + 30) — 1. Observe that C have 2(mqg + 36) + 1
consecutive zeros. By Theorem 2.1, d(C) > 2(mq + 36) + 2. From Theorem 2.2,
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Cisan[n,n—2(mqg + 30) — 1,2(mg + 36 + 1)] MDS code. From Theorem 3.6,
ID}| = 4m(5m + 3) + 1. By Theorem 2.3, there are [[n,n — 4[m(q — 5m — 3) +
301 —1,2(mg + 36 + 1); 4m(5m + 3) + 1]]; EAQECC:s. It can be tested easily that

n4c—k=4(mg+30)+2=2d—1).

By Theorem 2.4, the EAQECCsSs are MDS codes if d < (n + 2)/2.
(2) The proof is omitted as it is similar to the case (1). m]

Example3.8 letqg = 23and 1 < m < 6 = 2. Thenn = (¢g*> + 1)/5 = 106,
s =n/2 =53 and m = 1, 2 respectively. According to Theorem 3.7, we can obtain
EAQECCs [[106, 21, 60; 33]]>3 and [[106, 1, 106; 105]]»3.

Example3.9 letqg = 53 and 1 <m < 6 = 5. Thenn = (q2 + 1)/5 = 562,
s =n/2 =28l andm = 1,2,3,4,5. From Theorem 3.7, we can get EAQECCs
below:

[[562, 320, 138; 32]]s3, [[562, 180, 244; 104]]s3, [[562, 80, 350; 216]]53.
[[562, 20, 456; 368]]s3, [[562, 0, 562; 560]]s3.

Especially, they are EAQMDS codes when d < 282.

Casell ¢ =100 +7

In the case that the odd prime power ¢ = 100 +7 (9 > 1) and n = (g% + 1)/5,
similarly as in Case I, we can produce the following EAQECCs and EAQMDS codes.
We give the following conclusions directly.

Lemma 3.10 Assume that g = 100 + 7 (0 > 1) is an odd prime power. Let n =
(q*>+1)/5. Puts = n/2.

(1) When 0 is even, then

—qCs120ug+v) = Cs2(0g—u)»

where 1 <v <40 4+2and80 +6 <v <99 +6,if0 <u <0.
(2) When 0 is odd, then

—qCs20ug+v) = Cis2(vg—u)»

where ]l <v <20+ 1, 40 +2 <v <50+4+3and 60 +5 <v <70 +4if
O<u<6é.

Lemma 3.11 Assume that g = 100 + 7 (6 > 1) is an odd prime power. Let n =
(q2 + 1)/5. Put s = n/2. For any integer 1 < m < 0, we have

(1) When 0 is even, let o; = s +2(ujq +v;), pr={m+1<wv; <20 —m, 0 <
uy <m}, fpo = {mM+20+3 <vy <404+2—-—m, 0 < upy <m}, B3 =
m+404+4<v3<60+3—m, 0<uz <m},Bg={m+60+5<uv4 <
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70 +4, 0<ug <m}, Bs={7104+5<vs <80 +4—m, 0 <us <m—1},
Be={m+80+7<v5<100+6—m,0<ug<m-—1}.

6

Tl = U Uca;a

i=1 B

Then Ti (\—qT1 = 0.

(2) When 0 is odd, let o = s +2(uiq+vi), B ={l <vi <0 —m, 0 <u; <mj},
Bo={04+24+m=<vy<30+1—m, 0<ur; <m},B3=30+3+m <v3 <
504+2—m, 0<uz3<m—1}4LB4={504+5+m<v4<70+4—m, 0<
ug <m—1}, s ={710+6+m <vs <99 +5—-—m, 0 <us <m—1},
Be ={90+8+m<vs<q, 0<ue<m-—1}

6

T :CXUUCO‘”

i=1 p
Then Ty (\—qT) = 0.

Theorem 3.12 Assume that ¢ = 100 + 7 (0 > 1) is an odd prime power. Let n =
(g2 +1)/5. Puts = n/2. For any integer m with 1 < m < 6, let C be a negacyclic code
with defining set D given as follows D = Cy | Cs42 U ... U Cs420mg+70+4)-

(1) When 0 is even, then

|D3| = 4m(5Sm +7) +9.
(2) When 0 is odd, then

|D}| = 4m(5m +7) + 8.

Theorem 3.13 Assume that ¢ = 100 + 7 (0 > 1) is an odd prime power. Let n =
(g*> 4+ 1)/5. Put s = n/2.

(1) When 0 is even, there are [[n,n — 2d + |D3| + 2, d; |D3 |1, EAQECCs, where
d = 2(mqg+70 +5)and 1 < m < 0. Besides, they are EAQMDS codes if
d<n+2)/2

(2) When 6 is odd, there are [[n,n — 2d + |D}| + 2,d; | D}|1l, EAQECCs, where
d = 2(mg +70 +5) and 1 < m < 0. Besides, they are EAQMDS codes if
d<(n+2))2

Example 3.14 Take ¢ = 37 and 1 < m < 6 = 3, thenn = (q2 + 1)/5 = 274,
s=n/2=137andm =1, 2, 3.
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(1) Letm = 1. In the light of Lemma 3.11, we can get

Tl = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

1<v=<2, 6<v<9, 13<v<16,
0<u<l1 0<u<l O<u<l
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)'
21<v<24, 28<v<3l, 36<v<37,
O<u<l1 u=0 u=0

It can be examined that 77 (| —¢ 71 = #. Then from Theorem 3.13, we can get
an EAQMDS code [[274, 80, 126; 56]]37.
(2) Let m = 2. In the light of Lemma 3.11, we can get

Tl = Cs U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

v=l1, T<v<8, 14<v<l15,
0<u=<2 0<u=<2 0<u<2
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v) .
22<y<23, 29<v<30, v=37,
O<u<2 0<u<l1 0<u<l

It can be examined that T; (| —¢T; = @. Then from Theorem 3.13, we can get
an EAQECC code [[274, 20, 200; 144]]37.

(3) Let m = 3. In the light of Lemma 3.11, we can get 77 = . It can be examined
that 71 (| —¢T1 = @. Then from Theorem 3.13, we can get an EAQECC code
[[274, 0, 274; 272]]37.

Example3.15 Take ¢ = 47 and 1 < m < k = 4, then n = (¢> + 1)/5 = 442,
s =n/2=221andm = 1, 2, 3, 4 respectively.

(1) Let m = 1. In the light of Lemma 3.11, we have

Tl = U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)
2<v<7, 12<v<17, 21<v<26,

0<u<l O<u<l1 0<u<l1
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v) .
30<v<32, 33<v<35, 40<v<45,
0<u<1 u=0 u=0

It can be examined that Tj (| —¢71 = @. By Theorem 3.13, we can derive an
EAQMDS code [[442, 181, 160; 57]47.
(2) Let m = 2. In the light of Lemma 3.11, we can derive

Tl = U Cs-',—2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)

3<v<6, 13<v<l16, 22<v<25,
0<u<2 0<u<2 0<u<2
U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v) .
31<v<32, 33<v<34, 41<v<44,
0<u<2 O<u<l O0<u<l
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It can be examined that Ty () —¢T1 = @. Then from Theorem 3.13, we can derive
an EAQECC code [[442, 81, 254; 145]]47.
(3) Let m = 3. In the light of Lemma 3.11, we can derive

I = U Cs+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)
4<v<5, 14<v<l5, 23<v=<24,
0<u<3 0<u<3 0<u<3
U CS+2(uq+v) U Cs+2(uq+v) U Cs+2(uq+v)-
v=32, v=33, 42<v=<43,
0<u<3 0<u<2 0<u<2

It can be checked that 77 (| —¢7T1 = @. From Theorem 3.13, we can derive an
EAQECC code [[442, 21, 348; 273]]47.

(4) Let m = 4. In the light of Lemma 3.11, we can derive 71 = #. It can be checked
that 7 () —¢T1 = @. From Theorem 3.13, we can derive an EAQECC code
[[442,1,442; 441]]47.

4 Conclusion

In this paper, four classes of EAQECCs and EAQMDS codes on lengthn = (g*>+1)/5
are builtin view of negacyclic codes through cutting apart their defining sets. In contrast
with the known EAQECCs with the same length, our EAQECCsS have larger minimum
distance and variable dimension. A further consideration is to find new EAQMDS
codes from other classical linear codes such as constacyclic codes and the generalized
Reed-Solomon codes.
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